We measure on the lattice the quenched pseudoscalar and vector meson masses at a fixed value of the lattice spacing for SU(N ) gauge theory with fermions in the adjoint, in the symmetric and in the antisymmetric representation of the gauge group. Simulations are performed for N = 3, 4, 6 in all those representations, with the addition of N = 2 for the adjoint representation. We illustrate a strategy for separating the even from the odd-power contributions in 1/N in the masses. Using this technique, we extrapolate the vector mass to the large-N limit in the chiral region and show that at N = ∞ this mass is the same within errors in all the three representations, as predicted by orientifold planar equivalence. Possible implications of our investigation for studying orientifold planar equivalence in the dynamical case are discussed.
I. INTRODUCTION
Orientifold planar equivalence [1] [2] [3] [4] [5] is the equivalence in the large-N limit and in a common sector of the following theories: sQCD/asQCD, i.e. the SU(N ) gauge theory with N f Dirac fermions in the symmetric/antisymmetric two-index representations of the gauge group, and adjQCD, i.e. the SU(N ) gauge theory with N f Majorana fermions in the adjoint representation of the gauge group. The common sector is defined as the set of all the states and single-trace observables that are invariant under charge conjugation (C) symmetry. It was shown in [6, 7] that orientifold planar equivalence holds if and only if the C-symmetry is not spontaneously broken in the three theories, which ensures that the vacuum is in the common sector.
On a general ground, orientifold planar equivalence is only one in a rich network of equivalences arising in the large-N limit of gauge theories, which includes gauge group independence, orbifold equivalences and volume independence [7] [8] [9] [10] . The implications of these equivalences are nowadays only partially understood and their investigation represents a fascinating challenge from an analytical point of view.
Orientifold planar equivalence is also an important tool for investigating real QCD. In fact it was observed [11] that asQCD is a fully legitimate multicolor generalization of QCD, since for the real-world case N = 3 the antisymmetric two-index representation is equivalent to the antifundamental one. A priori there is no reason for the standard 't Hooft [12] large-N generalization (i.e. all fermions in the fundamental representation) to be preferred to asQCD. A simple computation of the one-loop beta function shows that the standard 't Hooft large-N limit underestimates the role of the fermions (fermionic loops are suppressed), while the orientifold large-N limit (obtained using asQCD) overestimates the role of the fermions. Thanks to orientifold planar equivalence, the orientifold large-N limit of QCD is equivalent to large-N adjQCD (which is super Yang-Mills in the case of one massless flavor).
Once established that adjQCD can be viewed as an approximation of QCD in the sense of the orientifold large-N limit, it is natural to ask how good this approximation is, or in other words how large the 1/N corrections are. The 1/N corrections are generally beyond the reach of analytical tools, but they can be computed by means of numerical simulations. Extensive numerical studies of the 1/N 2 corrections of the standard 't Hooft large-N limit exist in the literature (see e.g. [13, 14] for recent reviews). Numerical simulations of SU(N ) gauge theories with dynamical fermions in the two-index representations are very time-consuming. The idea behind this work is to approach the fully dynamical simulations of these theories in steps of increasing difficulty, starting from the simpler case of the quenched theories. In the process, we can gather experience about fermions in the two-index representations and we shall develop the needed techniques to handle the 1/N corrections (as opposed to the 1/N 2 corrections) which naturally appear in s/asQCD. In this spirit a first paper [15] appeared in which the fermionic condensate was computed. From that study, we learned that in adjQCD, for a wide range of bare masses, the fermionic condensate is well-described down to N = 2 (within a few percent) just by including the first subleading correction (O(1/N 2 )). In s/asQCD three subleading corrections (up to O(1/N 3 )) must be included in order to describe the data down to N = 3, while N = 2 is out of reach. Numerically, asQCD for low N is the representation that is farthest from the common large-N limit. In order to accurately determine the finite-N corrections up to O(1/N 3 ) in s/asQCD, numerical data in the two representations were combined to separate the corrections corresponding to even and odd powers of 1/N . This technique proved to be quite effective at determining the large-N behavior from numerical studies ranging up to N = 6.
In this paper we present a similar study for quenched isovector mesonic observables. We will present results for the pseudoscalar (P S) and vector (V ) meson masses 1 . Our conclusions will be qualitatively similar to the case of the fermionic condensate.
A comment is in order at this point. Although originally proved for theories with dynamical fermions, orientifold planar equivalence is valid also for quenched theories. A convenient way to define the quenched theories is to add ghost fields (bosons with a spinor index) that kill the fermionic determinant once they are integrated out. For instance on the lattice:
The proof of orientifold planar equivalence is a simple extension of the one presented in [4, 5] , once the extra fields are included. It is worth noticing that in the dynamical case it is necessary to prove the equivalence of the vacua in the three theories in the large-N limit, while in the quenched case the vacua are identical by construction for each value of N , since the vacuum of the system is always the pure Yang-Mills vacuum. In this sense orientifold planar equivalence is a less rich result in the quenched case. We should emphasize that for theories with two-index fermions the large-N limit is not the quenched theory. Hence, our investigation must be regarded as a preliminary step towards the dynamical case. This paper is organized as follows. In Sect. II we present the details of our numerical investigation. Sect. III shows how the contributions of the odd and even power terms in 1/N can be separated for the amplitudes and masses of correlation functions. Our numerical results are discussed in Sect. IV. Finally, our findings are summarized and discussed in Sect. V.
II. DETAILS OF SIMULATIONS
In the quenched theory the gauge field configurations are distributed as in pure Yang-Mills. We used 32 × 16 3 lattices, we studied the system for N = 3, 4, 6 in all representations (with the addition of N = 2 for the adjoint) and we performed simulations at the β values corresponding to a deconfinement temperature (5a) −1 (where a is the lattice spacing) [17, 18] . Lattice configurations were generated with the Wilson action and the CabibboMarinari algorithm, as described e.g. in [19] , and correlators were measured using Wilson fermions. We used the HiRep code which has been developed for simulating generic number of colors and generic fermionic representation. Both the HiRep code and the Wilson-Dirac operator in a generic representation of the gauge group are described in [20] .
The basic observables we measured are the isovector mesonic correlators. For s/asQCD, u and d are two flavours of Dirac fermions, we define
where Γ = γ 5 for the pseudoscalar (P S) channel and Γ = γ 1 for the vector (V ) channel. For adjQCD, u and d must be considered as two flavors of Majorana fermions, and this gives rise to an extra 1/2 factor:
For extracting the masses from correlators we use the method described in [21] and summarized in the appendix of [22] , taking into account also the contribution of the first excited state. We refer to the P S and V isovector meson masses respectively as m P S and m V . The values of the bare mass m 0 were chosen in the region in which the chiral behavior
is visible. The location and extent of the chiral region depends on the value of N and on the fermion representation.
III. SEPARATING EVEN/ODD CONTRIBUTIONS
From diagrammatic arguments, in pure Yang-Mills the Taylor expansion in 1/N of observables like normalized products of Wilson loops contains only even powers of 1/N . We want to show that the same happens for isovector mesonic correlators in quenched adjQCD, while in quenched s/asQCD odd powers of 1/N also appear.
In fact using the hopping expansion, those correlators can be written as a sum of Wilson loops in the fermionic representation R:
where ω is a generic closed path going through the origin and the point (x, t), c ω is a coefficient independent of N and the representation R, and W (ω) is the Wilson loop along the path ω. n R f is a coefficient that depends on the representation; in particular, we have n f = 1 for the symmetric and antisymmetric representations and n f = 1/2 for the adjoint representation.
In addition to the adjoint, symmetric and antisymmetric representations, it is useful to consider also the reducible two-index representation (F 2 ). We will refer to the SU(N ) gauge theory with fermions in the reducible two-index representation as f2QCD. For these representations we can use the algebraic relationships:
Consider first the normalized correlator for quenched f2QCD:
Since [tr W (ω)] 2 Y M /N 2 contains only even powers in 1/N , the same conclusion can be drawn for C F 2 (t)/N 2 . One can be tempted to conclude that also the mesonic masses in quenched f2QCD must contain only even powers in 1/N . We will show that this is not correct.
Consider separately the normalized correlators for quenched s/asQCD:
The second term clearly contribute with odd powers of 1/N . A rapid inspection reveals that summing the correlators in quenched s/asQCD kills the odd powers in 1/N . Expanding the correlators in eigenstates of the Hamiltonian gives
The masses and the amplitudes in quenched s/asQCD must contain both even and odd powers of 1/N , which can be formally separated:
We indicate with the same n states in the S and AS channels which are related by orientifold planar equivalence: a n,S (0) = a n,
Once expanded in eigenstates of the Hamiltonian, the correlator for quenched f2QCD is:
Since the spectrum of quenched f2QCD is given by the union of the spectra of S and AS channels, masses and amplitudes in quenched f2QCD contain also odd powers of 1/N . According to (7), the F 2 correlator cannot contain odd-power contribution in 1/N , therefore these contributions in each term of (12) must cancel each other. In formulae this means that the antisymmetrized combination in 1/N of the F 2 correlator must vanish: This equation must be valid for every value of N and t. We want to study the possible solutions. The strategy is to group all the exponentials containing the same mass in Eq. (13). The prefactor of every different exponential must then vanish. We will assume that:
1. no accidental degeneracy exists separately in s/asQCD, both at any finite N and at large-N ;
2. no accidental degeneracy exists in f2QCD at any finite N ;
3. no accidental degeneracy exists in f2QCD at large-N , other that the one predicted by orientifold planar equivalence. degeneracy, the only way to satisfy Eq. (13) is to require that α n,S = 0. Therefore the term A n,S e Mn,St containing only even powers of 1/N appears in the S correlator. But since the even powers of 1/N are equal in the S/AS correlators thanks to Eq. (8), the same term must appear in the AS correlator violating the assumption 2.
A rapid inspection of Eq. (13) shows that the only way to respect the non-degeneracy assumptions and to have non-vanishing amplitudes is to have that M n,S + µ n,S /N = M n,AS − µ n,AS /N , which also implies M n,S − µ n,S /N = M n,AS + µ n,AS /N . In fact the even/odd powers of 1/N must be separately equal:
The sum of the amplitudes of the degenerate exponentials must vanish. Separating even/odd powers of 1/N :
Summarizing, the even-power corrections are the same for s/asQCD while the odd-power corrections have opposite sign in the two theories: Moving to adjQCD, the normalized correlator is:
Since |tr W (ω)| 2 Y M /N 2 contains only even powers of 1/N , the same conclusion can be drawn for C Adj (t)/N 2 . In principle the same mechanism as in f2QCD might happen in the adjQCD, and odd powers of 1/N might appear in masses and amplitudes while their absence is preserved in the correlator. This should be due to a pairing of states with masses and amplitude related by the relationships (14) and (15), and it would imply a degeneracy of states in the large-N limit. While in f2QCD the double degeneracy is explained by orientifold planar equivalence, no special reason exists for such a degener-acy in the large-N limit of adjQCD. We will therefore assume that masses and amplitudes in adjQCD contain only even powers of 1/N :
In the notation of this section, orientifold planar equivalence translates to the following chains of equalities: a n,Adj (0) = a n,S (0) = a n,AS (0) = A n (0) , m n,Adj (0) = m n,S (0) = m n,AS (0) = M n (0) .
IV. RESULTS
The measured masses are listed in Tabs. I-III, with the results of the chiral extrapolation reported in Tab. IV. For every representation and number of colors, the chiral extrapolation has been obtained by fitting (via a bootstrap procedure) the P S and V masses according to Eq. (4). The numerical data and the results of the chiral extrapolation are also shown in Figs. 1-3 .
We focus on the chiral limit of the V mass as a function of the number of colors. For fermions in the adjoint representation, a fit including only the first subleading 1/N 2 correction has been performed. The result is 
For the S/AS channels, we use the formulae in (16) and we define:
As discussed in Sect. III, these two functions contain only even powers of 1/N . We fit both M and µ including only the first subleading 1/N 2 correction, and then we reconstruct the V mass in the S/AS channels. We get
Note that all coefficients are at most of order one, and the coefficient of the 1/N 3 term is compatible with zero, which means that our numerical results are not accurate enough to constrain the O term and the sub-leading terms. This phenomenon has to be expected, since at N = 2 the AS representation is the singlet, the V mass vanishes in the chiral limit, and the structure of the terms must be such that they sum to zero. If one wanted to separate the 1/N corrections just by looking at the AS channel, large values for N would be needed for which no cancellation happens. The reason the 1/N corrections can be obtained by using values of N not larger than 6 deeply relies on the combined analysis we perform of the S/AS channels. The same mechanism was observed in the computation of the chiral condensate in [15] .
Our data and fits for am (3) SU (4) SU ( am χ V,AS is shown in Fig. 5 . A similar procedure can be used to fit the coefficient B in (4), for which we obtain 
All the fits performed for determining coefficients in the large-N expansion have a reduced χ 2 of at most 0.2. Once again, the coefficients of the large-N series come at most of order one, but, differently from the case of the large-N extrapolation of the vector mass in the chiral limit, now only the leading term in the series is different from zero within two standard deviations.
Putting together the large-N extrapolations for m The equality of Eqs. (27) and (28) within errors is a numerical proof of orientifold planar equivalence in the chiral region. We have verified orientifold planar equivalence with a numerical precision of about 5%.
V. CONCLUSIONS
In this work, we have studied orientifold planar equivalence for the pseudoscalar and vector mesons in the SU (2) SU ( quenched theory. By using N up to 6, we have extrapolated our numerical results for the quenched masses to the large-N limit. While the extrapolation is straightforward for the adjoint representation, the appearance of corrections in odd powers of 1/N dictates a combined strategy for the extrapolation of the results in the symmetric and antisymmetric representations. The technique we have discussed allows us to extract the large-N limit chiral behavior of m V from simulations up to a moderately low N . This is an important result in the view of performing dynamical simulations, where the computational cost grows as N 3 . The central quantitative result of our investigation is summarized by Eqs. (27) and (28), which shows the equality of the mass of the vector meson in the chiral region at fixed mass of the pseudoscalar meson in the adjoint and in the symmetric/antisymmetric representations. Orientifold planar equivalence was originally introduced as a tool to investigate qualitatively and hopefully quantitatively the nonperturbative behavior of QCD. Assuming that our results are representative of the unquenched case, our data show that the case N = 3 antisymmetric, which is real-world QCD, is numerically far from its large-N limit, but it is analytically close to it, in the sense that the N = 3 theory can be obtained from N = ∞ by a power series in 1/N with coefficients of order one. With the precision of our numerical simulations, which is of the order of a few percent, in order to describe the physics at N = 3 it is enough to truncate the series at order 1/N 3 . Similar results were obtained for the chiral condensate in [15] .
